Introduction
A large-eddy simulation (LES) is a common approach to finding a numerical solution to an incompressible flow. LES is a useful method for solving fluid problems in engineering applications, although the computational cost of direct numerical simulation (DNS) may be prohibitively large. Recently, Quasi-DNS has been proposed (Komen et al., 2014; Addad et al., 2015) as a method that is intermediate between DNS and LES; this kind of LES uses finite-difference approximations. Fractional step methods (e.g., Kim and Moin, 1985) are commonly used in simulations for incompressible flows, and they require solving the Poisson equation. Although the direct methods for solving the Poisson equation are efficient (these are often based on the fast Fourier transform), these methods can be used only for some types of flow. In most engineering flow problems, an iterative method is used to solve the Poisson equation (e.g., Kato et al., 2000) .
With both DNS and LES, various discretization schemes have been considered for the viscous and diffusion terms and the spatial resolution; this is necessary because the viscous and diffusion terms dominate the dissipation of a turbulent flow, which is large when the wavenumber is high. Miyauchi et al. (1994) showed the applicability of higher-order discretization schemes for viscous terms in a two-dimensional flow. Lamballais et al. (2011) showed higher-order numerical dissipation by applying compact schemes to discretized viscous terms. Gotoh et al. (2012) reduced the computational cost of direct simulation of the passive scalar in isotropic turbulence with a high Schmidt number; they did this by creating a discretization scheme for the diffusion terms in the convection-diffusion equation. Suzuki et al. (2013a) improved the accuracy of the higher-order statistics and spectra in a turbulent channel flow by applying compact schemes to the discretization of the viscous terms. In some previous DNSs (Suzuki et al., 2010; Suzuki et al., 2013b; Zhou et al., 2014a Zhou et al., , 2014b , a finite-difference approximation for discretizing viscous terms resulted in greater accuracy than did an approximation for discretizing convection terms. In an LES, it is important to ensure that the spatial resolution is sufficient, because the magnitude of the discretization error is comparable to that of subgrid scale (SGS) stress. Suzuki, Hattori and Mochizuki, Journal of Fluid Science and Technology, Vol.12, No.1 (2017) We thus assume that the effect of the divergence in the viscous term should be taken into account when simulating an incompressible flow. Iteration methods, such as the successive overrelaxation (SOR), conjugate gradient (CG) and biconjugate gradient stabilized (BiCGstab) methods, are often used to solve the Poisson equation in an unsteady numerical simulation of an incompressible flow. These methods are common components of so-called computational fluid dynamics (CFD) solvers. In the numerical simulation of an incompressible flow, it is important that the grid spacing and time increment be sufficiently small, and the iteration number be sufficiently large. The value of these computational parameters is directly related to the cost of the numerical simulation. In most simulations of incompressible flows, the cost of solving the Poisson equation accounts for the bulk of the cost of the entire simulation. In this approach, reducing the number of iterations increases the uncertainty in the velocity divergence. Reducing the number of iterations could notably decrease the cost of the numerical simulations. We believe it is important to investigate the effects of a limited number of iterations on the observed flow field. Attempts to improve the efficiency of solving the Poisson equation have been made. Tamura et al. (1997) proposed a residual-cutting method for solving the Poisson equation, and they examined the validity of the method. Morinishi et al. (2011) proposed a preprocessing scheme for solving the Poisson equation. In numerical measurements of incompressible flows, the divergence of the viscous terms should be zero, since the velocity divergence has zero magnitude. Therefore, when the velocity divergence deviates from zero during the application of an iteration method, the magnitude of the viscous terms will also be nonzero. The formulation of the viscous term is based on the second-order differential term of the velocity field and includes the Reynolds number. The magnitude of the second-order differential term will increase as the grid spacing decreases. Therefore, when both the Reynolds number and the grid spacing are small, the magnitude of the divergence in the viscous term can be larger than that of the velocity divergence. Although the effect of the divergence in the viscous term on the characteristics of an incompressible flow could be large, previous numerical studies that have considered the discretization of the viscous term have focused on the accuracy of the discretization scheme and the effective wave number of the scheme.
The purpose of this study is to examine the effect of non-solenoidality in the viscous term on the incompressible flow. We use an exact solution to solve this problem. We present a numerical simulation that uses an iteration method that solves the Poisson equation in fractional steps. In our simulated flow, the divergence in the viscous term is larger than the velocity divergence. We examine the effect of the divergence in the viscous term by using a flow that is obtained as an exact solution. Exact solutions (e.g., Hui, 1987; Wang, 1990) are often used for benchmarking numerical simulations (Wang, 1991) . The structures of a flow described by an exact solution are known exactly and can be formulated. Therefore, using an exact solution to solve the present problem will clarify the effect due to the divergence. Dissipation of kinetic energy in turbulent flows is greater when the wavenumber is larger, and it arises due to the viscous term. When the divergence in the viscous term is significant, it will increase the dissipation of kinetic energy; thus, it affects the rate of change in kinetic energy. Therefore, we focus on the effect of the divergence on the decrease in kinetic energy. The nonzero divergence of the viscous term is due to the velocity divergence; therefore, the divergence of the velocity and that of the viscous terms are nonzero in the present numerical simulations. It should be noted that the divergence of the viscous terms increases as the grid spacing decreases. Therefore, with fine spatial resolution, the divergence of the viscous term could be significantly larger than that of the velocity field. Note also that, in the present simulation, the uncertainty in the velocity divergence does not affect the kinetic energy when the flow field is inviscid, because the skew-symmetric form is used to analyze the convective terms. Based on these factors, we consider that, in the present study, the error in the observed flow field is primarily due to the divergence of the viscous terms.
Methods

Numerical simulation
We will now describe the flow that will be simulated and the methods that will be used. The governing equations are the continuity equation and the Navier-Stokes equations for incompressible flows; we will use the two-dimensional nondimensional form. The characteristic velocity and length scales are √ K o and η, respectively, where K o is the dimensional global kinetic energy per unit area in the initial state, and 2πη is the wavelength of the exact solution (see the next section). The nondimensional coordinate system consists of t, x and y, where t is the nondimensional time, and x and y are nondimensional spatial coordinates. The nondimensional physical quantities in the governing equations are u and v, which are the velocities in the x and y directions, respectively, and the pressure p. A low-storage fourth-order Runge-Kutta scheme (RK4) is used for the temporal integration of the governing equation. Various other methods are also used in the verification of the present simulation. Because we calculate the uncertainty in the kinetic energy conservation due to the temporal integration scheme, we also use the first-order Euler scheme (E1) and the third-order low-storage Runge-Kutta When N = 16, the divergence of the viscous terms is comparable to that of the velocity. The divergence of the viscous terms can be larger than that of the velocity, as can be seen when N = 128. The difference in the divergences increases as the spatial resolution becomes finer.
scheme (RK3). The algorithm we use to simultaneously solve the governing equations is the fractional step method. The Poisson equation was solved by using SOR with fractional steps. The number of iterations was based on a measure of the convergence condition ϵ p :
where m is the number of iterations.
The choice of discretization scheme for the convective terms is important, because we wish to study the effect of the divergence in the viscous terms on the exact solution: it is important to choose a discretization scheme that has a negligible conservation error for the kinetic energy. Therefore, we used the skew-symmetric form proposed by Morinishi et al. (1998) to discretize the convective terms. In the flow solvers that are in common use, a second-order scheme would be used for the discretization of the convective terms (e.g., Kato et al., 2000) ; therefore, we use a second-order discretization scheme in the present simulation. We also use a second-order discretization of the viscous terms, because the accuracy of the spatial discretization is often the same for both the convection and the viscous terms (e.g., Kato et al., 2000) .
The area of the square computational domain is Instead of choosing the temporal increment ∆t, we set the value of the Courant-Friedrich-Lewy condition (CFL), which is defined by taking the velocity as unity: CFL = π 2 /32, π 2 /64, or π 2 /96. The Reynolds number was set to 2π, and therefore, the maximum value of the diffusion number is 1/2. For our purpose, the magnitude of the divergence in the viscous terms should be varied, so we used the range ϵ p = 1-0.001. In the initial state, the flow field is the exact solution; the flow field is simulated up to t = π. We verify our proposed numerical algorithm and examine the uncertainty in the kinetic energy. We do this by simulating a homogeneous isotropic inviscid flow (Morinishi et al., 1998) . The initial velocity is a random field that satisfies the continuity equation. Figure 1 (a) shows the rate of change of the global kinetic energy per unit area at the initial state |dK/dt| t=0 . This rate is formulated analytically as |dK/dt| t=0 = α∆t n i , where α is a coefficient, ∆t is the time increment, and n i is the accuracy of the time integration. The obtained uncertainty agrees with the corresponding analytical formula, and this verifies our proposed algorithm. The uncertainty of |dK/dt| t=0 is negligibly small when using RK4. The yellow region in the numerical result is larger than that in the exact solution, and this suggests a decrease in the global kinetic energy, due to divergence. We can see that the flow pattern of the numerical result is distorted, and this suggests that there is an additional flow field with a higher wave number.
Exact solution
We use the exact solution to evaluate our approach, as is often done for benchmarking numerical simulations. The two-dimensional Taylor-Green vortex flow has commonly been used as an exact solution of incompressible flows (e.g., Rogler and Reshotko, 1976) . Kim and Moin (1985) applied this exact solution to the validation of their scheme, and San and Staples (2013) used this flow as the first problem in their examination. We applied this exact solution to the present problem, which is formulated as follows:
u(x, y, t) = −2 cos(x) sin(y) exp (−2t/Re) , v(x, y, t) = 2 sin(x) cos(y) exp (−2t/Re) , and
We did not use the three-dimensional flow of Ethier and Steinman (1994) , because even though it has the same equilibrium characteristics as those of the Taylor-Green vortex flow, the three-dimensional flow is not periodic, and it is difficult to determine the boundary conditions. Although a three-dimensional Taylor-Green vortex flow has been used to benchmark a similar numerical simulation (e.g., Brachet et al., 1983; Brachet, 1991) , we do not use one here because we wish to simplify the effect of the divergence; unlike the two-dimensional case, this three-dimensional vortex flow has a global anisotropy. The advantage of using an exact solution is that the flow field is known exactly, and therefore, the global characteristics of the flow quantities are also known. For example, the global kinetic energy in the periodical square domain, K × L 2 , is derived as follows:
Here ⟨ ⟩ denotes the ensemble average covering the periodic domain. In the flow described by an exact solution, the flow characteristics are entirely known. The Navier-Stokes equation contains unsteady terms, convective terms, pressure terms, and viscous terms. In the flow of a Taylor-Green vortex, the unsteady terms balance the viscous terms, and the convective terms balance the pressure terms; these two equilibrium relations are independent of each other. This independence was the focus of a previous study that derived the exact three-dimensional solution (Ethier and Steinman, 1994) . The first equilibrium relation consists of the unsteady terms and the viscous terms, and it is equal to the diffusion equation, which governs the amplitude of the flow field. The second equilibrium relation governs the profile of the velocity and pressure fields. This independence should remain in any equation that is derived from them. When the divergence of the viscous terms is not zero, the Poisson equation, which is derived from the equilibrium relation, cannot be derived. Therefore, the nonzero magnitude of the divergence in the viscous term will affect the independence of the two equilibrium relations. We will show the results of the divergence in the viscous terms before presenting the numerical results. Figure  1(b) shows the temporal evolution of the divergence in the velocity and the viscous terms. Here, the magnitude of the divergence is normalized by the square of the global kinetic energy per unit time at t, √ K. When the number of grid points is small (e.g., N = 16), the divergence of the viscous terms is comparable to that of the velocity vector, but when the number of grid points is large (e.g., N = 128), the divergence of the viscous terms can be greater than that of the velocity vector. Therefore, we assume that the divergence of the viscous term would increase as the spatial resolution improves. This large divergence will affect the flow field, which is the focus of our study. For example, the independence between the equilibrium relations found in the exact solution assumes that the divergence is negligible, and thus when the magnitude of the divergence of the viscous term is much greater than zero, this independence is compromised.
Results
Decay characteristics
Visualization of the flow fields shows that the divergence of the viscous terms affects the decay of the kinetic energy. Figure 2 shows the flow field of the kinetic energy for the numerical results and the exact solution for t = π. In the computational results, the divergence in the viscous terms is the largest when N = 128 and ϵ p = 1. In the flow field of the exact solution, regions of high and low kinetic energy alternate, and there is little variation in the kinetic energy in between these regions. In the numerical results, we can see that the region of low kinetic energy has expanded, and the area of the high kinetic energy has been reduced. These results suggest that the divergence of the viscous terms reduces the global kinetic energy. We also note that the flow patterns in the numerical results are slightly distorted, and this suggests that the flow field contains high-harmonic waves caused by the divergence of the viscous terms.
The divergence of the viscous terms reduces the kinetic energy of the flow. Figure 3 (a) shows temporal profiles of the global kinetic energy per unit area, normalized by the initial value, K(t)/K(0). The effect of spatial resolution on the kinetic energy can be seen clearly: when the spatial resolution is low (N = 16), the magnitude of the kinetic energy is larger than that of the exact solution. This is caused by underestimating the viscous terms when applying the finitedifference approximation, and it can be reduced by improving the spatial resolution. Note that when the spatial resolution is moderate (N = 48), the magnitude of the kinetic energy is only slightly smaller than that of the exact solution, which shows that the underestimation of the viscous terms can be reduced by improving the spatial resolution. The divergence of the viscous terms increases as the spatial resolution improves, which implies that a larger divergence affects the global 2 /64 and π 2 /96, respectively; the deviation of the coefficients from zero is considered to be due to the uncertainty in the viscous terms. In (a), when ∆x is small, the absolute magnitude of the coefficients increases as the grid spacing decreases. The deviation of the coefficients decreases as ϵ p decreases. kinetic energy. When the spatial resolution is high (N = 128), we can see that the kinetic energy is further reduced, and we note that this decrease can become very large. This effect is reduced as convergence improves, as shown in Fig. 3(b) . When ϵ p = 0.01, numerical results for the kinetic energy are in close agreement with the exact solution.
We introduce an approximation formula for evaluating the way in which the global kinetic energy is affected by the divergence of the viscous terms. The global kinetic energy of the numerical results does not agree with that of the exact solution due to the divergence of the viscous terms. The exact solution of the global kinetic energy is given by Eq. (2), and we expected that the numerical results could be described by slightly modifying this exact solution. The solid black line in the Fig. 3(a) shows an exponential function that has been fitted to the numerical results. It can be seen that there is a large disagreement between this exponential function and the numerical results. Therefore, we introduce the following approximation:
where C 1 and C 2 are coefficients that are equal to zero in the exact solution. These coefficients characterize the way in which the global kinetic energy is affected by the divergence of the viscous terms. Equation (3) expresses the numerical results with sufficient accuracy, as shown in Fig. 3 . The uncertainty characterized by the coefficients C 1 and C 2 is increased as the spatial resolution improves, as shown in Fig. 4 . We show the dependence of these coefficients (a) on the grid spacing, ∆x, and (b) on the convergence condition, ϵ p in (b). When the spatial resolution is poor, C 1 and C 2 approach the exact value of zero as the spatial resolution improves. However, when the grid spacing is small, the deviation of the coefficient from the exact value increases as the grid spacing decreases. This increase in the deviation suggests that improving the spatial resolution increases the uncertainty in the observed flow field, and this is caused by the increased divergence of the viscous terms. When the divergence of the viscous terms is significant, C 1 is positive and C 2 is negative. Therefore, the divergence in the viscous terms increases the rate of decay of the global kinetic energy and also decreases the rate of change of this decay rate. The order of the value is the same between the coefficients C 1 and C 2 . The deviation of the coefficients from the exact value decreases as CFL decreases, and it also decreases as convergence is approached, as shown in Fig. 4(b) . When ϵ p is on the order of 0.01, the deviation of the coefficients will be sufficiently small.
The pressure in the flow field is also affected by the divergence of the viscous terms. We examine the magnitude of the variation of the pressure field, normalized by the initial value ⟨p 2 ⟩ 1/2 /⟨p 2 ⟩ 1/2 | t=0 ; this is shown in Fig. 5(a) . Here N = 128, and the temporal evolution of the pressure amplitude depends on the value of ϵ p . When ϵ p is not small, the divergence of the viscous terms is significant because of the high spatial resolution, the pressure amplitude increases around the initial state, and this results in larger value than that of the exact evolution. This increase is reduced as convergence is approached. When ϵ p is 0.01, the numerical results agree well with those of the exact solution. We introduce the following approximation for the way in which the pressure amplitude is affected by the divergence of the viscous terms:
The observed evolution of the pressure amplitude can be approximated by this form with sufficient accuracy, except for near the initial state. This approximation includes three coefficients:
The value of C p 0 characterizes the increase in the pressure amplitude due to the divergence of the viscous terms; it is equal to unity when the divergence is zero. C p 1 and C p 2 characterize the decay rate and the rate of the temporal change in the decay rate of the pressure amplitude, respectively; their exact values are zero. As shown in Fig. 5(b) , the value of these coefficients depends on the grid spacing, ∆x. When ∆x is small, the deviation of the coefficients from the exact value is increased as the spatial resolution improves. Of the three coefficients, C p 0 is the most sensitive to improvements in the grid spacing.
Equilibrium property
The divergence of the viscous terms affects the independence seen in the exact solution. The independence of the equilibrium relations is a characteristic of the exact solution which we use. The effect of the divergence of the viscous terms on the independence is examined by focusing on the equilibrium relation in the diffusion equation. When this independence holds, the spatial average of the square each side of the diffusion equation yields the following:
Figure 6(a) shows the spatial rms average of the left-and right-hand sides of the diffusion equation, ⟨(∂u/∂t) 2 ⟩ 1/2 and ⟨((1/Re)(∂ 2 u/∂x 2 k )) 2 ⟩ 1/2 , respectively. Here, N = 128 and ϵ p = 1, and the divergence of the viscous terms is the largest of the computational conditions. We can see that ⟨(∂u/∂t) 2 ⟩ 1/2 does not agree with ⟨((1/Re)(∂ 2 u/∂x (6) for the temporal evolution. The temporal evolutions do not agree with the exact solution, due to the divergence of the viscous terms. In addition, the temporal evolution of ⟨(∂u/∂t) 2 ⟩ 1/2 does not agree with that of ⟨((1/Re) ∂ 2 u/∂x k ) 2 ⟩ 1/2 . The disagreement shows that there is a nonequilibrium state between these values, and the dependency between the equilibrium relations arises due to the divergence of the viscous terms. The approximations given by Eq. (6) describe the temporal variations of these quantities. These approximations specify the effect of the divergence on these two quantities. Each approximation has three coefficients, the value of which is calculated by fitting it to the variations. , respectively. As shown in the figure, the value of these coefficients depends on the grid spacing. The deviation of the two quantities is increased as the spatial resolution improves. ⟨(∂u/∂t) 2 ⟩ 1/2 is more sensitive to the divergence of the viscous terms.
We now introduce an approximation for use when discussing the results of the loss of independence on the kinetic energy. We also introduce approximations for the terms ⟨(∂u/∂t) 2 ⟩ 1/2 and ⟨((1/Re)(∂ 2 u/∂x 2 k )) 2 ⟩ 1/2 , as follows:
Here, C We can see that, in the region of interest, the fitted formulae approximate the numerical results with sufficient accuracy. The unsteady term, which formulates the rate of temporal change of the velocity, is more sensitive to the divergence of the viscous terms. By fitting the approximations to the numerical results, we calculated the value of each of the six coefficients. Figure 6 (b) shows how the six coefficients depend on the spatial resolution. When the grid spacing is large, the deviation from the exact solution of the unsteady and viscous terms is comparable. This suggests that independence holds, although when the grid spacing is large, the numerically obtained flow field deviates from that of the exact solution. When the grid spacing is small, the divergence of the viscous terms is significant, and the deviation of the unsteady terms does not agree with that of the viscous terms. This is seen in all three quantities. The deviation of the intercept and the decay rate due to the divergence of the viscous terms is positive, and the deviation of the temporal rate of change of the decay rate is negative. The absolute magnitude of the deviation in the unsteady term is larger than that in the viscous terms. Therefore, we see that the unsteady term is more sensitive to the divergence of the viscous terms. Of the three terms, the absolute magnitude of the deviation of the decay rate is the largest, and thus we conclude that it is the most sensitive to the divergence of the viscous terms. 
Harmonic wave
The divergence of the viscous terms causes additional harmonic waves in the flow field. We compared the flow field that is affected by the divergence of the viscous terms to that without the effect of the divergence. Figures 7(a) and (b) show the spatial variation in the flow field for both the longitudinal and lateral directions. Here, x o = y o = π/4, N = 128 and ϵ p = 1. As shown in the figure, the flow field of the numerical results does not agree with that of the exact solution. This disagreement is found in the longitudinal and lateral variations of the velocity field. In the longitudinal variation, the deviation of the numerical results is significant around positions at which the value of the variation is an extremum. In the lateral variation, the deviation is significant when the value is a positive extremum, and the lateral variations are skewed. We assume that these deviations indicate an additional flow field caused by the divergence of the viscous terms. To examine the additional flow field, we focus on the variation in the kinetic energy. The kinetic energy of the exact solution at x o = π/4 or y o = π/4 satisfies
That is, the kinetic energy normalized by K(t), k(x, y)/K(t), is unity along the lines in the flow field of the exact solution. 
(c) (10) . When the value of ϵ p is not small, the divergence of the viscous terms is not small, and thus the factors deviate from the corresponding exact value. This suggests that the divergence of the viscous terms affects the shape of the spatial variation of the physical quantities.
We now consider the wave number of the harmonic waves that are caused by the divergence of the viscous terms; to do so, we will use an approximation of the numerical flow field. The longitudinal and lateral variations of the velocity field normalized by the square root of K(t) can be approximated as follows: ) validate the approximations of the velocity variations; that is, it can be seen that these approximations are sufficiently accurate. Using these approximations, an approximation of the kinetic energy is also derived. The derived approximation is seen to be validated in (c). We consider the form of the approximation in order to evaluate the wave number of the harmonic waves due to the divergence of the viscous terms. We will use two trigonometric functions to approximate the longitudinal variation, and we will assume that the second term is caused by the divergence of the viscous terms. Further, we assume that the wave number of the primary term is equal to that of the exact solution, and the wave number of the secondary term is greater than that of the exact solution. The approximation of the lateral variation consists of three parts: a mean term, a sin(3y) term, and a cos(3x) term. Our results show that the wave number is different for the longitudinal and lateral variations, and the wave number of the lateral variation is indeed greater than that of the longitudinal variation. (11) and (12). The skewness and kurtosis factors are sensitive to the divergence of the viscous terms, except for the skewness of the lateral gradient of the velocity field.
